
How to control your fear of the unknown:
measurement theory, estimation and error propagation
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The Modelling Relation

[After: Rosen (1991) Life Itself. Columbia University Press. New York]

Inferential structure is mapped to causality structure

Measurement, Interpretation, Prediction
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1. model of the distribution pdf(x) of the 
population

2. model of the sampling distribution

3. MLE estimates of the properties of the 
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We never have access to 

the true probability distribution of population

neither 

the true sampling probability distribution   

We can only get estimates !



Maximum likelihood estimation



f(x|λ) = λe−λx
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f(x|λ) = λe−λx
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Maximum likelihood estimation of λ

f(x|λ) = λe−λx



L(λ|X) = f(X|λ)

f(X|λ) = f(x1|λ)f(x2|λ)f(x3|λ)...f(xn|λ)

f(X|λ) =
n∏

i=1

f(xi|λ)

f(x|λ) = λe−λx

ln(L(λ|X)) = ln(f(X|λ))

X = (x1, x2, x3, ..., xn)



f(x|λ) = λe−λx

ln(f(X|λ)) =
n∑

i=1

ln(f(xi|λ))

ln(f(X|λ)) = ln(
n∏

i=1

f(xi|λ))

ln(L(λ|X)) = ln(f(X|λ))





X=0.1401877,1.6909198, 
1.1393720,0.8407607, 
1.0274900,0.7008068, 
0.2084256,0.5186256 ,
0.8743341,1.4665110

estimated lambda=1.16



ln(L(λ|X)) = ln(f(X|λ))

f(x|λ) = λe−λx

= nln(λ)−
n∑

i=1

λxi

=
n∑

i=1

ln(λ)− λxi

∂ln(f(X|λ))
∂λ

= 0

n

λ
−

n∑

i=1

xi = 0

λ =
n∑n

i=1 xi



X=0.1401877,1.6909198, 
1.1393720,0.8407607, 
1.0274900,0.7008068, 
0.2084256,0.5186256 ,
0.8743341,1.4665110

estimated lambda=1.16



lambda=1.09
X=
2.9965266 0.4463140 
0.5892352 0.5035834 
0.6786215 0.6005250 
1.1125877 1.6249973 
0.4007436 0.2166682





Histogram of estimatedLambdaVector
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Interval of confidence



Interval of confidence

λ̂

(
1− 1.96√

n

)
< λ < λ̂

(
1 +

1.96√
n

)
.

(95% confidence Gaussian approximation)



Interval of confidence

λ=1.09   [0.41,1.77]



Propagation of uncertainty



Propagation of uncertainty

g(z1, z2, z3, ...zn)

z1 ± ε1

z2 ± ε2

zn ± εn

εg =

√√√√
n∑

i=1

∂g

∂zi
εi

...

g ± εg



An exercice



10x

10x

fair

biased

f(3|n = 10, w = 0.5) =
10!

3!(10− 3)!
0.53(1− 0.5)10−3

f(4|n = 10, w = 0.3) =
10!

4!(10− 4)!
0.34(1− 0.3)10−4



Consider a data vector y of individual observations yi:

Let f(y|w)   be the probability density function (PDF) of thef(y|w)
vector y given the parameter vector w 

If the individual observations are independent then, according to 
probability theory, the PDF for the data y can be expressed as a 

multiplication of the densities of individual observations:

which is a random sample from an unknown population.

w = (w1, w2, ..., wk)

y = (y1, y2, y3, ..., ym)

f(y|w) = f(y = (y1, y2, ..., ym)|w) = f1(y1|w)f2(y2|w)...fm(ym|w)



The PDF for y is given by a binomial distribution:

Tossing a 1 euro fair coin 10 times and success getting “1” 
face

y ∈ {1, 2, ..., 10}

f(y|n = 10, w = 0.5) =
10!

y!(10− y)!
0.5y(1− 0.5)10−y



f(y|n = 10, w = 0.5) =
10!

y!(10− y)!
0.5y(1− 0.5)10−y
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n<-10
y<-1:n
w<-0.5
fy<-factorial(n)/(factorial(y)*factorial(n-y))*w^y*(1-w)^(n-y)
barplot(fy,names.arg=y,xlab="Sucesses, y",ylab="Probability, f(y|n=10,w=0.5)")



What if the coin is “unfair” ?
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n<-10
y<-1:n
w<-0.2
fy<-factorial(n)/(factorial(y)*factorial(n-y))*w^y*(1-w)^(n-y)
barplot(fy,names.arg=y,xlab="Sucesses, y",ylab="Probability, f(y|n=10,w=0.2)")



y=4

w=?

Supose we take a coin (fair or unfair) and toss it 10 times 
and get: 

What is the best estimate for the value of  w ?



Maximum likelihood estimation of w



We define the likelihood function of the parameter w given 
the data y as:

L(w|y) = f(y|w)

For the one parameter binomial distribution this is:

L(w|y = 4) = f(y = 4|n = 10, w) =
10!

4!(10− 4)!
w4(1− w)10−4



How does the likelihood function look like?
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n<-10
y<-4
w<-seq(0,1,by=0.01)
fy<-factorial(n)/(factorial(y)*factorial(n-y))*w^y*(1-w)^(n-y)
plot(w,fy,names.arg=y,xlab="Parameter, w",ylab="L(w|y=4)",type="l")

Likelihood function is not normalized 
so its integral is not 1



What is the maximum of the likelihood function ?
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Maximum likelihood estimation

For convenience MLE are obtained by maximizing the 
log-likelihood function

lnL(w|y)



Maximum likelihood estimation

At the maximum of a function its first derivative vanishes ... 

... and its second derivative is negative

∂lnL(w|y)
∂w = 0

∂2lnL(w|y)
∂w2 < 0



Maximum likelihood estimation

Setting y=4 in the log-likelihood yields:

lnL(w|y = 4) = ln

(
10!

4!(10− 4)!
w4(1− w)10−4

)

= ln

(
10!

4!6!

)
+ 4ln(w) + 6ln(1− w)



Maximum likelihood estimation

The first derivative of the log-likelihood is

∂lnL(w, |y = 4)

∂w
=

4

w
− 6

1− w

Setting this to zero...

...and solving to w yields: 

4

w
− 6

1− w
= 0

w = 0.4



Maximum likelihood estimation

The second derivative of the log-likelihood at 
is negative

w = 0.4

∂ln2L(w|y = 4)

∂w2
= − 4

w2
− 6

(1− w)2
< 0


