Wednesday, November 19, 2014

Maximum likelihood estimation

We never have access 1o

the frue probability distibution of population

neither

the true sampling probabillity distribution

We can only get estimates |

What is a good estimator 2

What are the good estimators for the mean, the
standard deviation, or for the proportion 2




Consider a data vector y of individual observations y«
¥ = (41, 43,3, 1 Ym)
which is a random sample from an unknown population,

Let f(y|w) be the probability density function (PDF) of the
vector y given the parameter vector w

w = [, W, .., W)

If the individual observations are independent then, according to

probability theory, the PDF for the data y can be expressed asa
multiplication of the PDFs for individual observations:

Flylw) = fly = (31, 92 s o) |w) = filtn|w) falyalw)- Fon (g )

Consider a simplest case where m=k=1

and that ¥ represents the success in 10 Bernouli trials
and the success in each individual trials is given by w

Under these conditons the PDF for y is a binomial
distribution:
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flvin=10,%) = S0 —

w¥(1 — w)l¥

Tossing a 1 euro fair coin 10 imes and success petting “1"
face

The PDF for y is given by:
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. What if the coin is “unfair’ 7

flgin = 10,0 = 0.5) = 0.5"(1 — 0.5)1*"

Supose we take a coin (fair or unfair) and toss it 10 times
and get:

y=4

What is the best estimate for the value of w ?

w=?




Maximum likelihood estimation of w

We define the likelihood function of the parameter w given
the data y as:

L(wly) = f(ylw)

For the one parameter binomial distribution this is:

10

L(wly =4) = f(y = 4in = 10,8) = 170~

[tn"'[l — ) 104

How does the likelihood function look like?




What is the maximum of the likelihood function 1

Masdrnum likelihood estimation

For convenience MLE are obtained by maximizing the
log-likelihood function

InL(w|y)

Maxdrnum likelihood estimation

At maximum of a function its first derivative vanishes ..

SinL{w|y) =0

—and its second derivative is negative

Pinuln) <




Maxdrnum likelihood estimation

Setting y=4 in the log-likelihood yields

InL{wly = 4) = In ( 4 {1;"’_ 4][m*[1 - w]m—*)

= ( it?slt) + dinfw) + Bin{1 — )

Masdrnum likelihood estimation

The first derivative of the log-likelihood is

7 1 —

Setting this to zero..

4 G
ll!.l-].—ti.l'_n

-and solving to w yields:
w=0.4

Maxdrnum likelihood estimation

The second derivative of the log-likelihood at w=0.4
is negative

Mn’Liwly=4) 4 6
Gw? T (1-w)

5 <0
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Uncertainty and uncertainty propagation

We never have access 1o

the frue probability distibution of population

neither

the true sampling probabillity distribution

We can only get estimates |

What is a good estimator 2

What are the good estimators for the mean, the
standard deviation, or for the proportion 2




[fior samplas of Goussion distributad dota)
sampls meaan gives battar astimates of tha rue maan than median:

sample mednis marg pracise than madian

stondard deviafion of the sample gives battar astimates of tha
frue standard denviation than the ‘non-standard ;-] derviafion

sarmpds standand deviation s momsocourate

[howawer for non-goussian diskibution meadion can be mora rabust)

high accuracy low accuracy
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oredision

Uncartainty in the astimate of the mean




Only for large n {large samples) the sampling
distribution of the mean is really a normal distribution
with standard deviafion SEr

For srnall n, small sample sizes, the sample mean
distribution is related to a Student or t-distibution with
n-1 degrees of freedom

The diffarence babsaan the sample mean and the nuea mEl-::l

divided by the astimate of the standard amor (]I
4 R

ks a shpdents -distibufion with n-1 degrees of freedom

[Pracical work: use random sompling in B to shudy tha
distribution of tha quantily t obtained from the somples and the
“inonen distibulion ™ p (wsad in ganamfing dota) for sevaral
walues of sampla sxa n, overlay o t-disfribufion and a nomal, and

abo maks akolmogorov-Smirmow tast]




The interval of confidence of 5% is the interquantile
range centred on the sample mean that includes ?5% of
the sampling distribution mass:
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Uncertainty in the proportion estimate

~ X
P__
n

Mean(p) = p

The 95% confidence interval is calculated in an
approximated way by :

,:X+2

d n+4

[Agresti-Coull method)




How does uncertainty propagate ¢

An Example

Tolerance/Suppression in vitro

W i

= 2
==

Anything funny about the graph ?




How would you calculate and report the ratio between
the CPMs in condition 1 and 2
divided by the CPMs in condition 0 ?

Consider a quantity R
R=Ri(xv,..)
which is a funciion of a series of variables x.v...

with uncertainties 4, .4 ...

The unceriainty in & is estimated as
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Reporting the results with uncertainty

It is important to report the nesults with the comact
numbear of figunas.

Bagin by rounding the uncerainty in the result to
one significant figure, then quote the value o the
sama decimal placea.

g=7.98 £ 0.07 my/s*

g=7.987838430.07239234 m/s?
g=9.9878384+0.07 m/s
g=10¢ 0.07239234 m/s?

L mnadel of the sampling disirbution

41 MLE estimaies of the properties of the




